
1 Dynamic programming

A country has just discovered a natural resource which yields an income per pe-
riod R̄ measured in terms of traded goods. The cost of exploitation is negligible.
The government wants to maximize

V0 =

∞∑
t=0

βtu(CN,t, CT,t) (1)

where CN,t and CT,t are consumption of non-traded and traded goods respec-
tively. Labor supply in the economy is exogenous and equal to L̄. Labor inputs
in the production of non-traded and traded goods are respectively LN and
LT . However, when employment is reduced in one sector there will be some
temporary unemployment and more the faster the reduction is. Thus, when
employment is reduced in the traded-goods sector, the resource constraint for
labor becomes:

LN,t + LT,t + φ(LT,t−1 − LT,t) = L̄

where φ is an increasing and convex function, φ(0) = 0 and φ′(0) = 0. (You
do not need to worry about the opposite case where non-traded employment is
declining).

The production functions for the two goods are:

YT,t = F (Kt, LT,t), YN,t = LN,t (2)

where F is homogeneous of degree one. The country can borrow and lend in
international markets at a constant real interest rate (in terms of traded goods)
r. The country accumulates net foreign assets, At, according to

At+1 = At(1 + r) + r̄ + YT,t − CT,t + (1 − δ)Kt −Kt+1 (3)

The values of K0, A0, LT,−1 and LN,−1 are given (LN,−1 = L̄−LT,−1). At has
to satisfy a no-Ponzi-game condition,

lim
t→∞

(1 + r)−(t−1)At ≥ 0

while Kt cannot be negative for any t. Finally, it is assumed that the interest
rate happens to be equal to the subjective discount rate, or, in other words that
β = 1/(1 + r).

1. Define the value function and the Bellman-equation for this problem.

2. Use the Bellman-equation to derive the first-order conditions for the case
with interior solution.

3. The first-order conditions can be summarized in the three equations

F ′1(Kt, LT,t) = r + δ (4)

1



u′2(CN,t, CT,t) = [β(1 + r)]u′2(CN,t+1, CT,t+1) (5)

u′1(CN,t, CT,t)

u′2(CN,t, CT,t)
=

F ′2(Kt, LT,t)

1 + βφ′(LT,t − LT,t+1) − φ′(LT,t−1 − LT,t)
(6)

Give a brief interpretation of these.

4. Write down the conditions for a stationary equilibrium.

5. Suppose a solution has been found that satisfies the constraints and the
first-order conditions. How can we know that this is actually a maximum?
What additional assumptions will be sufficient?

2 Risk and risk sharing

Look at an economy that exists for two periods, 0 and 1. There are two types
of agents, ”capitalists” (subscript K) and ”workers” (subscript W ). They have
preferences

UK = uK(cK,0) + βE0uK(cK,1)

UW = uW (cW,0) + βE0uW (cW,1) (1)

Here cK,t and cW,t are the period t consumption levels of workers and capitalist
respectively. As usual 0 < β < 1.

In questions 1 - 4 below we assume quadratic utility:

uK(cK) = (cK − aK
2
c2K), uW (cW ) = (cW − aW

2
c2W ) (2)

where aK and aW both are positive. Higher levels of these mean that the agents
are more risk-averse. (Take for granted that the economy stays within the range
where marginal utility is positive).

Each worker is endowed with ` units of labor in both periods, but no initial
capital. Each capitalist is endowed with k0 units of capital at the start of period
0, but no units of labor.

In period 0 one unit of labor produces one unit of finished goods, while one
unit of capital returns a total of κ units of finished goods after depreciation
has been taken account of. Returns to scale are constant and the production
function is additive in the two inputs. In period 1 one unit of labor produces ZW

units of finished goods, while one unit of capital returns a total of ZK units of
finished goods (after eventual depreciation has been taken account of). Hence,
the rate of return on capital is exogenous here. From the point of view of period
0, ZW and ZK are stochastic variables (productivity shocks).

In period 0 finished goods can be used either for consumption or carried over
to period 1 to be used as capital in production. In period 1 the whole output is
used for consumption. All markets are competitive.
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1. Suppose the only asset that can be bought and sold is a claim to the
capital stock in period 1. A representative capitalist holds kK,1, a worker
kW,1. Write down the budget equations for a representative worker and
for a representative capitalist.

2. Show by maximizing utility that the amount of capital that the capitalists
decide to carry over to period 1 can be expressed as

kK,1 =
κk0 + [βE0ZK − 1]/aK

1 + βE0Z2
K

(3)

3. The amount of capital that the workers carry over can in the same way
be expressed as (you do not need to prove this)

kW,1 =
`[1 − βE0ZKE0ZW ] + [βE0ZK − 1]/aW − `βCov0(ZK , ZW )

1 + βE0Z2
K

(4)
Try to interpret and compare the two expressions (3) and (4). (Hint: Look
first at the case when there is no uncertainty).

(a) What are the roles of intertemporal substitution, consumption smooth-
ing and risk aversion?

(b) Who will hold the most capital?

(c) What can make the workers want to be net borrowers of capital?

(d) If capitalists happen to be less risk averse than workers, does this
tend to make the capitalists hold relatively more capital?

4. Suppose aK = aW . How are the two types of risk shared between workers
and capitalists when one looks at second period consumption?

5. Suppose ZW and ZK can take on respectively MW and MK different
values. How many different Arrow-Debreu commodities can be defined in
this economy? How many Arrow securities are needed to make markets
complete? If you were allowed to introduce just one other asset in addition
to capital, what would you suggest (no proof of optimality required)?
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1 Intertemporal choice with uncertainty

A consumer maximizes

U = E
∞∑
t=0

βtu(ct) (1)

In period t the consumer is endowed with ht units of labor. ht follows a
random walk. The wage rate, w, is constant. The consumer can invest in
two assets with random returns. His holdings of the two assets at the end of
period t−1 are a1,t and a2,t. The gross rates of return on the two are respec-
tively R1,t and R2,t. Thus, at the beginning of period t he receives R1,ta1,t
and R2,ta2,t. The pair (R1,t, R2,t) is independently and identically distributed
from period to period. The distribution of (R1,t, R2,t) is independent of ht.
The initial asset holdings are given.

1. Write down the period by period budget equations for the consumer.

2. Define the value function for the consumer’s optimization problem.
Which are the state variables?

3. Write down the Bellman equation for the problem.

4. Use the Bellman equation to derive first-order conditions and interpret
these.

5. Explain briefly why the portfolio composition (a1,t, a2,t) is independent
of ht when u(ct) is quadratic, but not in the general case.

2 Stability of difference equations

A particular model of inflation dynamics in an open economy leads to the
following second order difference equations for (the log of the) nominal ex-
change rate:

(1− φ1)et+1 − (1− φ1 + φ0)et + φ0et−1 + zt = 0 (1)

Here et is the exchange rate (or expected expected exchange rate) in period
t, and zt is an aggregate of exogenous variables. The parameters φ0 ≥ 0
and φ1 ≥ 0, φ1 6= 1 are the coefficients on respectively current and expected
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future inflation in a rule for setting interest rates aiming for a certain inflation
target. The initial value of et−1 is given.

In answering the question you may use that the second order equation is
equivalent to a system of two equations:

x1,t+1 =
1

1− φ1

[(1− φ1 + φ0)x1,t − φ0x2,t − zt]

x2,t+1 = x1,t (2)

where x1,t = et.

1. Find the characteristic equation and confirm that the characteristic
roots are

λ1 = 1, λ2 =
φ2

1− φ1

2. Discuss the stability properties of of the equation and the possibility
for pinning down a unique solution.

3 Search

1. In almost all countries, the unemployment rate is lower for skilled work-
ers than for unskilled.

(a) How can this difference be explained within the search model in
Pissarides, chapter 1, where job destruction is exogenous? Com-
ment briefly on whether the possible explanations are plausible.

(b) Can the difference be explained within the search model in Pis-
sarides, chapter 2, where job destruction is endogenous? Comment
briefly on whether the possible explanations are plausible. (Do not
repeat the arguments under a., but discuss the novel mechanisms.)

2. In the search model in Pissarides, chapter 1, it is assumed that sepa-
rations are efficient. Explain briefly what this means. Discuss whether
there is a link between efficient separations and whether wages are flex-
ible or rigid.
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Try to answer all questions.

1 Arrow-Debreu prices

We shall first be looking at an endowment economy that lasts for two periods.
There is a single consumption good. The endowment in period 0 is ω0. The
endowment in period 1 can take on two different values ω1 with probability π1

and ω2 with probability π2. The economy is inhabited by a large number of
identical individuals with utility function

U = α0 ln(C0) + α1E[ln(C1)] (1)

where C0 and C1 are consumption in periods 0 and 1 respectively.

1. Suppose that all trade takes place at the beginning of period 0 and that
the consumers can buy and sell contingent claims for all states of the
world (Arrow-Debreu markets). Write down the budget constraint of the
consumer. Let p0 be the price of the consumption good in period 0,
and let , p1i (i=1,2) be the price of a contingent claim for one unit of the
consumption good in period 1 and state i. Write down the budget equation
for the representative consumer and derive the first-order condition.

2. Write down the equilibrium conditions for the economy. Choose consump-
tion in period 0 as numeraire. Confirm that the equilibrium prices are

p11 = π1
α1

α0

ω0

ω1
, p12 = π2

α1

α0

ω0

ω2
(2)

Explain the roles played by the α’s and ω’s in the expressions for the
prices.

3. What would be the price of a safe asset that yields one unit of the con-
sumption good in period 1? How does the price differ from what it would
have been in the comparable case without uncertainty?

4. We now move to an economy identical to the one above except that the
horizon is infinite. The utility function of the consumer is

U = E0

∞∑
t=0

αt ln(Ct) (3)

Each period’s endowment is a random variable zt that can take on the two
values ω1 and ω2. Assume that endowments in different time periods are
stochastically independent. The probabilities of the two outcome are, as
before, π1 and π2. Write down the budget constraint for this case. What is
the condition for the consumer’s optimization problem to be meaningful?
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5. It is easy to show (you don’t need to do this) that the price at time zero
for an asset yielding one unit of consumer goods in period t and state i, is

pti = πi
αt

α0

ω0

ωi
(4)

Use this result to find the price of an Arrow security that is bought in
state j and period t and yields one unit of the consumption good in state
i and period t + 1.

6. In macroeconomics we are usually more interested in sequential equilibria
than in period 0 equilibria. Explain how the two kinds of equilibria are
related in the present model. Does the First welfare theorem apply?

2 Stability

Consider the following model of a small open economy:

ct+1 = β(1 + r)ct (5)
at+1 = (1 + r)at + y − ct (6)

where ct is consumption, r is an exogenously given real interest rate, 0 < β < 1
a subjective discount factor, at is net foreign assets and y is output (determined
from the supply side). Equation (1) is a consumption Euler equation (log util-
ity), while equation (2) is a standard accounting relationship. The initial level
of net foreign assets, a0, is given.

1. When does a stationary state exist in the model?

2. Write down the characteristic polynomial for the model. Based on the
characteristic roots, what can you say about stability of an eventual sta-
tionary state?

3. Focus on the case where a stationary state exists. How would you deter-
mine the initial level of c? What is the economic interpretation?

3 Real Business Cycle Model

Consider an artificial economy the equilibrium of which solves the following
social planning problem

max
∞∑

t=0

βt (log Ct + B log(1− ht)) , 0 < β < 1, B > 0

subject to

Ct + It = eztγtKθ
t h1−θ

t , γ ≥ 1, 0 < θ < 1
0 ≤ ht ≤ 1

Kt+1 = (1− δ) Kt + It, 0 < δ < 1
zt = ρzt−1 + εt
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where εt is i.i.d. normally distributed disturbance with mean 0, and K0 is given.
Ct, It, ht, and Kt denote per capita consumption, per capita investment, per
capita hours worked, and per capita capital stock, respectively. (The population
is constant).

1. Show that this economy can be transformed into a stationary sequential
economy by a change of variables.

2. Write the Bellman equation for the social planner’s problem in the above
stationary economy. What are the endogenous and exogenous state vari-
ables and control variables?

3. Derive the Euler equation associated with this optimization problem and
the first order condition for ht.

4. Use the following criteria to assign values to β, δ, B, θ, γ in an annual
version of this economy:

(a) The average annual growth rate of per capita real output is 1.4%.

(b) The average fraction of total income that is paid to owners of capital
is 0.4.

(c) The average investment to output ratio is 0.26.

(d) The average capital to output ratio is 3.2.

(e) Individuals spend 31% of their substitutable time working.

5. Which elements in this model propagate the business cycles, which ele-
ments in this model amplify the business cycles?

4 Search

1. Consider the search model with endogenous job destruction in Pissarides
(2000), chapter 2.1-2.3. What is the effect on unemployment, vacancies
and wages of a reduction in z, the income when unemployed? Explain
your findings.

2. An unemployed worker samples wage offers on the following terms. Each
period, the worker draws one offer w from the same wage distribution
F (W ) = Prob{w ≤ W}, with F (0) = 0 and F (B) = 1. The worker
has the option of rejecting the offer, in which case he or she receives c
in this period and waits until next period to draw another offer from F .
Alternatively, the worker can accept the offer. If the worker accepts, he or
she will receive the wage w−∆ for one period. Then there is an exogenous
probability φ, 1 > φ > 0, that the worker is laid off. With probability
(1 − φ), the worker is not laid off, in which case the worker will receive
the offer to work for w forever.
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The worker chooses a strategy to maximize the expected discounted future
income

E

∞∑
t=0

βtyt

where 0 < β < 1. Let v(w) be the expected discounted future income of
a worker who has an offer w in hand, and behaves optimally. Write the
Bellman’s equation for the worker’s problem.

3. Explain and discuss briefly the differences between the Mortensen-Pissarides
search model (in Pissarides chapter 1) and the search model of McCall.
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1 Global risk sharing

We look at a global endowment economy. There are two countries, two time
periods, S states of nature and a single traded good. Output in the second
period is stochastic.

Each country is populated by the same number of identical consumers with
utility functions

U =
C1−ρ

1

1 − ρ
+ β

S∑
s=1

π(s)
C2(s)1−ρ

1 − ρ
(1)

Here C1 is consumption in period one, and C2(s) consumption in period 2 and
state s. π(s) is the probability that state s will be realized. As usual 0 < β < 1
and ρ > 0. For simplicity the population size is normalized to one below.

Output in the first period is Y1, in the second period Y2(s). Both output
and consumption can differ between the countries. Below they are indexed with
a superscript n (n = a, b) on the relevant variables.

There are three assets available to invest in on date 1. One can buy shares
in each country’s second period output and one can buy a safe bond giving the
same return, 1+r, in all states of nature. The share of country i’s second period
output that residents of country j decide to hold is x(i, j). The total market
value of country n’s second period output is V n. The investment in the bond
by residents of country n is Bn.

Initially the residents of a country own the right to that country’s output in
both periods. They own nothing else. Hence, the period one budget equation
of consumers in country n is

Cn1 +Bn + x(a, n)V a + x(b, n)V b = Y n1 + V n (2)

1. Write down an expression for period 2 consumption depending on country
and state of nature, Cn2 (s) as it follows from the budget constraint.

2. The consumers maximize utility with respect to their bond holdings and
and ownerships shares (the Bs and xes). Find the first-order conditions
and interpret them.

3. Show that the following portfolios are globally feasible, satisfy the budget
equations and satisfy the first order conditions with 1 + r, V a and V b

positive:
Ba = Bb = 0 (3)

x(n, a) = x(n, b) = µn =
Y n1 + V n

(Y a1 + V a) + (Y b1 + V b)
n = a, b (4)

Find expressions for the prices 1 + r, V a and V b that supports this equi-
librium. What is the implication for the correlation between consumption
levels in the two countries? Give a verbal description of the main proper-
ties of the equilibrium.
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4. Suppose the number of states of nature is strictly greater than 3. Can the
allocation you found be improved upon be introducing more securities?
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Exercise: Asset demand and asset pricing

5th November 2009

We start by looking at an individual consumer who lives for two periods
(period 0 and period 1). She can invest in two risky assets. She maximizes
expected utility

E(U) = E[u(C0) +
1

1 + ρ
u(C1)] (1)

She starts period 0 with initial assets worth A0 in terms of consumption goods.
Labor income in two periods are Y0 and Y1 respectively. Y1 is stochastic. At the
end of period 0 the consumer invests the amounts A1 and A2 in the two assets.
Their (stochastic) rates of return in period 1 are respectively r1 and r2.

(1) Write down the period budget constraints for the consumer for both pe-
riods.

(2) Derive the first-order conditions for the optimal choice of A1, A2, C1

and C2. Rewrite them by exploiting that E(xẏ) = ExEy + Cov(x, y).
Interpret the conditions. Describe what they mean for the allocation of
savings between the two assets.

(3) Suppose the return on asset one is risk-free. How do you interpret the first-
order condition for the risk-free asset now. What is now the condition for
an optimal allocation of savings between the two assets?

(4) Retain the assumption that r1 is risk-free. Suppose that the period utility
function is quadratic:

u(C) = C − a

2
C2, a > 0 (2)

Show that the demand for asset no 2 (the risky asset) can be expressed as

A2 = −Cov(Y1, 1 + r2)
V ar(1 + r2)

+
E[u′(C1)]

aV ar(1 + r2)
[E(1 + r2)− (1 + r1)] (3)

Explain in words what this means. How do you interpret the coefficient
in front of the rate of return difference?

(5) We now return to the case where both assets are risky. Suppose there is
a finite number of states of the world. Under what conditions will it be
possible for the consumer to insure fully against income risk?
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(6) Suppose there are two states of the world, s1 and s2 which are equally
probable. Outcomes are described by

s1 s2

Y1 1.5 2.5
1 + r1 1.0 1.0
1 + r2 0.8 1.2

Furthermore ρ = 0, A0 = 0, Y0 = 1.5 and a = 0.2. The utility function is
quadratic. Find the asset demands. Give an intuitive explanation for the
result.

(7) Leave the numerical example above aside. Suppose the economy is inhab-
ited by a number of identical consumers. Their labor incomes are perfectly
correlated. The economy can transfer resources from period 0 to period
1 either by storing the output, or by sowing it. The first method yields
a gross return of 1.0 (no shrinkage). The second method yields a gross
return of 0.5 in dry years and 1.5 in wet years. Dry an wet years have
equal probability. The two assets correspond to to the two different meth-
ods of transferring resources. Write down the equilibrium conditions for
this economy. What can you say about equilibrium expected returns and
about the use of the two methods for storing resources?

(8) At last, let there be two different types of consumers, A and B. They differ
only with respect to the level of income risk. Expected incomes are the
same for both of them. For the economy as a whole there is no possibility
for transferring resources between the two periods. There is only one risk
free asset. Characterize the equilibrium in this case. Will there be any
trade in the asset? Does the income risk play any role in the determination
of the interest rate?

s1 s2 s3

YA 1.0 2.0 3.0
YB 2.0 1.0 3.0

Your are asked to suggest how the allocation you got with only a risk-free
asset. How many would you suggest and what would they look like?

In the seminar we shall also go through the remaining exercises from last
time
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